Lecture 8: Stability and chaos

1. Stability of numerical solutions of ODEs
2. Chaos in classical mechanics



Stability & stiff ODESs

Stability: Small errors (rounding errors, errors due to finite step size)
do not add up catastophically.

Example:

w = 998u + 1998w

v = —999u — 19990

u(0) =1 v(0) =0
Analytical solution: transform

u=2y—=z vV=—Yy+z

U= e ¥ — 6—1000:13

V= —e & + 6—1000:13

Note: two very different “scales” in the problem!



Figure 16.6.1. Example of an mstability encountered in integrating a stiff equation (schematic). Here
it 15 supposed that the equation has two solutions. shown as solid and dashed lines. Although the initial
conditions are such as to give the solid solution, the stability of the mtegration (shown as the unstable
dotted sequence of segments) 15 determined by the more rapidly varving dashed solution. even after that
solution has effectrvely died away to zero. Implicit integration methods are the cure.



Understanding instabilities

Consider simpler example
Euler's method yields

Instability: yn ~ (1 — ch)™yg — oo for h > 2/(3

Solution: implicit scheme (backward Euler)

/ _ Yn+41 — Yn
Yn+1 = Yn+ hy,i1 = yn+ heypqa
_ Yn
Yn+1 — 1+ ch

Note: This scheme works only for linear ODEs with constant coefficients, as an
inversion is required.

In Practice: generalizations of Runge-Kutta algorithms available
Important : (Re)scale your variables properly and use adaptive step size!




Chaos In classical mechanics

“Textbook” problems in classical mechanics are integrable: as many
conserved quantities as degrees of freedom

Poincare showed over 100 years ago: Classical perturbation theory
of integrable systems diverges due to nonlinear resonances. [His
answer to the challenge of stability of the planetary system!]

Computers allowed researchers for the first time to study the
classical mechanics on nonlinear systems (t > 1960). Motion in
classically chaotic systems is fundamentally different from motion in
Integrable systems




Simple nonlinear system and visualization

* Ingredients:
— Take conservative system with two degrees of freedom
— Energy shall be the only conserved quantity.

* Numerical solution:

— Solve Hamilton’s equation of motion numerically for given initial
conditions

— Construct Poincare surface of section:
Plot q1(t), p1(t) whenever g2(t) = 0 and p2(t) > 0.

— Note: This is an area-preserving map as phase space volume is
conserved under time evolution (Liouville)

« Example: Henon-Heiles potential (Pictures from Jens Muller’s
thesis, Uppsala University, 2004)




Schematic Poincare Surface of Section



Henon Heilles potential and equipotential lines



Poincare SOS for Henon Heiles system



Chaos and Lyapunov exponents

Def.: Chaotic motion is very (i.e. exponentially) sensitive to initial
conditions

Chaos exists in a region of phase space, if trajectories in this region
exhibit a positive Lyapunov exponent

Route to chaos: classical motion becomes very complex close to
separatrix in nonlinear systems

Perturbation theory works in the vecinity of elliptic islands
(Kolmogorov Arnold Moser KAM theorem)

As parameter (e.g. energy) is tuned further, invariant tori shrink and
chaotic region grows



Summary

Stability of numerical solution of ODEs a concern.
Know time scales of your system; choose adaptive step size!

Exponential sensitivity in nonlinear classical systems: classical
chaos.

Characteristic of most nonlinear systems
Prohibits long-time predictions!



