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Lecture 6: Root finding

Introduction

Bisection and similar methods
Newton-Raphson algorithm
Coupled nonlinear systems

WP

*It's a search problem. You have to know where to look.



Introduction

Aim: find the solution to the equation f(x) = O where x is a one-
dimensional variable. These are the roots of the function f(x).

Problem becomes a one-dimensional search.

Search becomes manageable, once one has “bracketed” a root, or
if one has an initial guess close to the root. (understand your
function!)

Multiple roots cause problems

High dimensional problems are much more difficult, since no
bracketing is possible.

f(Z) =0

Success depends crucially on the initial guess.



Bracketing and bisection

» Bracketing : Find abscissas a and b, such that fla)f(b) <O
Thus, the function has different signs at a and at b. If the function is
continuous, there must be a root in the interval (a,b).

 Once aroot has been bracketed, the bisection method will converge
toward it.



Examples: bracketing of roots




Bisection

Bisection : !Assumea<b
do x=(a+b)/2
If(sign(f(x)) == sign(f(a)))then
a=x
else
b=x
endif
while (abs(a-b)> eps)

Convergence :
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Secant method

Improved convergence compared to bisection.
Requires sufficiently smooth function close to root
Convergence:  im fea| = const x fex| "

Figure 9.2.1. Secant method. Extrapolation or interpolation lines (dashed) are drawn through the two
most recently evaluated points, whether or not they bracket the fonction. The points are numbered in
the order that they are uvsed.



Variant of Secant Method: false position method

» Less rapid but more certain convergence.

Figure 9.2.2.  False position method. Interpolation lines (dashed) are drawn through the most recent
points thar bracker the root. In this example, point 1 thus remains “active” for many steps. False position
comverges less rapidly than the secant method, but it is more certain.

Brent's method : Combines certainty of bisection with speed of higher order
method. Recommended if function only (no derivative) is known.



Newton Raphson method

Most popular method for one-dimensional root search
Needs function and its first derivative
Can be extended to higher dimensions!

flz+68) ~ f(z)+6f (x)

f(z)
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Clearly: Method will fail for double root or multiple roots.
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If derivative is evaluated numerically, the method becomes a secant method

f’(x) ~ flz+e)—f(=x)

Newton-Raphson is local method; should be combined with (global)
bisection method.
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Figure 9.4.1. Newton's method extrapolates the local denvatrve to find the next estimate of the root. In
this example it works well and converges quadratically.
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Figure 942, Unforfunate case where Newton's method encounters a local extremum and shoots off to
outer space. Here bracketing bounds, as in rtsafe. would save the day



Newton Raphson for coupled nonlinear equations

* Root finding in higher dimensions is difficult. No winning strategy
available.



Newton Raphson in higher dimensions cont’d

Simplest example: One function of several variables

Taylor expand:

Resulting linear problem is solvable

Problem: If initial guess too crude, Jacobian might send us to ...?
Cure: Accept step only if ||F|| does decrease.



Summary

Successful root finding combines global and local approaches.
Global approaches make sure that one stays in the region of
interest. Local approaches might quickly converge.

Root finding in one-dimension is straight forward. Once a root is
bracketed, there are several methods to compute it (bisection,
secant method, Newton Raphson).

Good initial guesses important. Vital for the rapidly convergent local
methods.

Root finding in higher dimensions is much more difficult. Global
approach (track magnitude of function) must be combined with local
Newton Raphson method.



