Lecture 5: Numerical integration of functions

Introduction

Simple formulas based on equally spaced abscissas (constant
length subintervals)

Gaussian quadrature (non-equally spaced abscissas)
Multidimensional integrals



Intrboduction

Aim: evaluate definite integrals [ dzf(z) as accurately as possible with a
minimum number of function evaluauons

Simple (low order) formulas vs. more complex (high order) formulas.

Note: High order translates into high accuracy only if the integrand is sufficiently
smooth!

Example:Let’s focus first on the integral over the subinterval (x;, X,)

open formulas use these points

closed formulas use these points



Simple formulas

« Trapezoidal rule: Approximate area by trapezoid. 2-point formula. Can
easily be used for refinements as all coefficients of inner points are equal
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« Simpson’s rule: Approximate function by parabola. 3-point formula
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Gaussian quadrature (C. F. Gauss)

Idea: use non-equally spaced intervals to optimize integration (i.e. minimize
function evaluations at given order).

An n-point Gaussian quadrature rule vyields an exact result for polynomials
of degree 2n 1, by a suitable choice of the n points x; and n weights w,.
The domain of integration for such a rule is conventionally taken as [-1, 1],
so the rule is stated as
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Any definite interval of integration can be transformed to (-1,1) by
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How does one find the points and the weights?




Gaussian quadrature (cont’d)

« Example: 2-point Gaussian quadrature

* Require that any 3" order polynomial can be integrated without error
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*Take f(x) from {1, x, x2, x3 }

1 2=wq+ wo

x . 0=wix1 + woxo
2

T2 3 = ’wlm% -+ wga:%

3 1 0= wlx‘;’ + ’wzmg

Solution: w1 = wo =1 and x1 = —xo = 1/\/§



Fundamental theorem of Gaussian quadrature

Table of abscissas and weights for n-point Gaussian
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: The optimal abscissas of

guadrature

the n-point Gaussian quadrature formulas are precisely the roots of the
orthogonal polynomial for the same interval and weighting function.
Gaussian quadrature is optimal because it fits all polynomials up to degree

2n-1 exactly.



Multidimensional integration

* Problem: if n points are used in d=1 dimensional integration, n points (and function evaluations!)
are necessary in d dimensions.

* Ifintegrand is not smooth, or boundary is complex, the integration becomes very difficult. Main
problem: How to ensure convergence and accuracy?
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* |f d>4, Monte Carlo integration becomes favorable, as error decreases with sqrt (#points).



Libraries of Fortran subroutines and functions

http://www.netlib.org http://gams.nist.gov

Download desired subroutine/function and all its dependents.



