Lecture 18: Monte Carlo methods cont’d

Introduction to Quantum Monte Carlo
Variational Monte Carlo

Projector Monte Carlo

Path Integral Monte Carlo

WP



Introduction

Monte Carlo methods may be used to compute properties of
guantum many-body problems  Quantum Monte Carlo

Two basic types of methods
1. Zero temperature methods:Variational MC, Projector MC
2.  Finite temperature methods: Path integral MC

Quantum MC has become a very useful tool

Fermi systems still pose difficulties due to the Fermi statistics
Fermion sign problem

Nice review and basis of this lecture: “Lectures on Quantum
Monte Carlo” by David M. Ceperley:
http://www.physics.uiuc.edu/People/Faculty/Ceperley/papers/175.pdf



Variational Monte Carlo

Variational theorem: A trial wave function yields an upper bound to the
ground state energy of a qguantum many-body problem.
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Trial wave function

 Wave function needs to have right symmetry and behavior at
boundaries.

« H must be defined everywhere, must be normalizable
Procedure:

1. Use Metropolis algorithm to sample the probability distribution
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2. Variational energy is average
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Pair-product trial wave function

Generalization of Slater determinant of the form
VU(R,0) = exp|— Z w(r;;)|det|0(r;, o]

i<
Jastrow or Gutzwiller wave function

Move is accepted with probability (matrix C is the transposed
Inverse of the Slater matrix)
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Local energy to be sampled:
EL(R)=V(R)+ A [VIU =Y V70 (r))Cri — G7]
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where

G = =V, U+ >, Vibi(r;)Cy; and U = > u(r;;)



Variational MC: Strengths and weaknesses

Powerful, simple, and full of physical insight

No sign problem

Large class of possible trial wave functions

Methods favors simple over complex states

Trial wave function insensitive to long-range order
Result cannot be better than trial wave function allows



Diffusion Monte Carlo

ldea: Function of the Hamitonian projects out the ground state from
a trial wave function.

Diffusion Monte Carlo. A sequence of wave functions is obtained
from a trial wave function via (G = Green’s function)
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Note: | is a high-dimensional integral over . Understanding of
the method: Expansion in terms of exact eigenstates
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Trial energy E; keeps normalization fixed. Approximation of Green’s
function in the limit of zero time step (first term is GF for diffusion)
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Remarks to Diffusion Monte Carlo

Other projectors are also possible. Green’s function Monte Carlo
(GFMC) uses the projector [1+ (H — E;)]?.

For fermions, the Greens function G can be negative if a step
changes the sign of the wave function. This yields an increasing
variance of all integrals. (  fermion sign problem). Cure: forbid
moves that change the sign. This fixes the nodes of the wave
function fixed node approximation.

In practice, a guiding wave function is needed, i.e. sampling is done
as importance sampling with respect to this guiding wave function

Fixed node results closer to exact result than initial trial wave
function.

Methods are limited to computation of energies (because of the
importance sampling with a guiding wave function)



Path Integral Monte Carlo

* Finite temperature method. Equilibrium expectation value of an
operator O

where the partition function

IS the trace of the density matrix.

« Evaluation of the density matrix (Feynman’s path integral; Trotter
decomposition)

_gH _gT —ov = e_SD(R’R,’Tzﬁ/n) for n — oo

Action:



Remarks on Path Integral Monte Carlo

High-dimensional integral evaluated via Monte Carlo
Virtually no sign problem at sufficiently high temperatures

Virtually exact nu,merical treatment of Bose systems at all
temperatures

Expectation values of obsrevables at finite temperature



Summary

Quantum mechanical many-body problems can be posed as high-
dimensional integrals

Evaluation of integrals can be done via Monte Carlo method.
Variational MC: Minimum energy of given trial wave function

Diffusion MC: Project out ground state by employing projector
(diffusion kernel)

Path Integral MC: Write partition function as path integral and
evaluate numerically.

Methods yielded invaluable information about many-body quantum
systems.

Other method: Auxiliary field MC.



