
Lecture 17: Monte Carlo algorithms

1. Introduction
2. Monte Carlo integration
3. Direct sampling vs. markov chain
4. Importance sampling: Metropolis algorithm



Introduction

• Problems in statistical mechanics, or many-body physics can be  
described in terms of high-dimensional integrals.

• Examples
1. Classical partition function

2. Variational approximation of ground state

• The integrations cannot be performed by the methods presented 
in Lecture 4.

• Monte Carlo integration saves the day! 



Monte Carlo integration

• Main idea: replace integration by sampling the integrand at random 
points

• Error estimate:

• Thus: 
– Error decreases like 1/N1/2 with increasing N
– Error only small if function f(x) has small variations

• Most physical integrands vary tremendously. �
• Need to sample function with more adequate probability distribution



Sampling with non-uniform probability
• Idea: Use a probability function (or weight function) of similar shape 

as the integrand.

• This requires us to perform the change of variables

• Note: 
– Ideally, one would choose p(x)=f(x). (Then  the problem would be 

solved.) 
– This procedure is only easy in one dimension, and for a small number of 

functions.



Direct sampling versus Markov-chain sampling

• Direct sampling: Ability to call a subroutine that generates an 
independent hit at the function f.

• Example (W. Krauth 1996): Children determine the value of � via 
direct sampling of a square with inscribed circle. 

• Unfortunately, direct sampling is impossible for almost all problems 
of physical interest.



Markov-chain sampling

• Example (W. Krauth 1996): Adults determine � on the much larger 
circular heliport in Monaco. The throwing distance is small 
compared to the heliport.

• Inside the square, a pebble is thrown in a random direction. If the 
pebble lands within the square, a new pebble is thrown from that
position; otherwise, the number of pebbles at the current position is 
increased by one, and a new pebble is thrown. � Rejection.



Detailed balance - importance sampling –
Metropolis algorithm 

• The equilibrium distribution p(x) is generated if the detailed balance 
condition is fulfilled:

• Detailed balance relates the transition probability P to the probability 
distribution p. Detailed balance is fulfilled for

• In words: If p(y) > p(x), one moves from x to y. Otherwise, the move 
is accepted with probability p(y)/p(x), i.e. the move is rejected with 
likelihood 1- p(y)/p(x).

• The Metropolis algorithm is based on this equation (Metropolis, 
Rosenbluth, Rosenbluth, and Teller (1953)).

• The algorithm generates the desired probability function in the limit 
of a large number of moves. 



Importance sampling of 



Summary

1. Monte Carlo method estimate integrals through a stochastic 
sampling of the integrand.

2. For very smooth integrands, or if direct sampling is 
(approximately) possible, the method creates accurate estimates 
for the integral.

3. In all other cases, one has to resort to Markov-chain sampling. 
The probability distribution is built up via importance sampling
(Metropolis algorithm). In this case, one often has to perform a
large number of moves to obtain a few independent samples.


