
Lecture 16: Simulated annealing

1. Introduction: global minimum of multi-dimensional function
2. Simulated annealing 
3. Idea of genetic algorithms



Introduction

• Global optimization – the search for the global minimum of a multi-
dimensional function – is a difficult task.
– Conjugate gradient method or simplex method converges to nearest

local minimum

– How can one perform a global search?

• Nature provides us with a strategy
– At the end of the liquid � solid transition the crystalline structure has 

the lowest energy. The metal “finds” this state if the temperature is 
lowered sufficiently slowly.

– At finite temperature, the system has a small probability to be in a highly 
excited state. This prevents it from becoming trapped in a local
minimum. 

– If the temperature is lowered too quickly, a non-crystalline, amorphous 
state results

– Simulated annealing simulates the slow cooling process.



Traveling salesman problem

• Problem: A traveling salesman has to visit N cities and return home, 
and should take the shortest route.

• Answer: There are N! different path to take. For large N, it is 
impossible to test them all. The simulated annealing method 
provides a solution.

• Figures: Routes for N=100 cities with a dividing river. Left: no cost 
associated with river crossings. Right: river crossing is expensive.



Simulated annealing

1. Start at a given state s0 (point in multi-dimensional parameter 
space). Compute cost or energy  E(s0). Set temperature to T.

2. Consider somewhat different state s1. Corresponding cost or 
energy is E(s1).

3. If E(s1) < E(s0), switch from state s0 to state s1. Otherwise: 
compute transition probability 

Compute random number p uniformly distributed in interval [0,1]. 
If p < P(s0� s1) switch to new state s1. Otherwise, stay at s0.

4. Goto 2. (Lower temerature T after a number of steps have been 
made.)

Remarks: If temperature T is not too small, one cannot get trapped in a 
local minimum. 



Pseudo code for simulated annealing

s := s0; e := E(s) // Initial state, energy.
k := 0 // Energy evaluation count.

while k < kmax and e > emax // While time remains & not good enough:

sn := neighbour(s) // Pick some neighbor.
en := E(sn) // Compute its energy.

if en < eb then // Is this a new best?
sb := sn; eb := en // Yes, save it.

if random() < P(e, en, temp(k/kmax)) then // Should we move to it?
s := sn; e := en // Yes, change state.

k := k + 1 // One more evaluation done

return s // Return current solution



Comments to the individual steps in simulated 
annealing

1. Choice of neighboring state
• Should be simple and effective

• Traveling salesman: switch order of two neighboring cities
• This might be more difficult in continuous problems: how to choose a 

step size?

2. Choice of temperature / lowering of temperature
• If T is too small / lowered too quickly, the algorithm gets greedy, and 

becomes stuck in a local minimum

• If T is lowered too slow, the method needs too many steps to 
converge. 

• Trial and error seems to be necessary 

3. Transition probability: Metropolis algorithm (� Monte Carlo)



Example of simulated annealing and the traveling 
salesman problem

Peter Meyer’s web page http://www.hermetic.ch/misc/ts3/ts3demo.htm



Peter Meyer’s web page http://www.hermetic.ch/misc/ts3/ts3demo.htm



Alternatives to simulated annealing: genetic algorithms

Choose initial population (often random)
Repeat 

Evaluate the individual fitnesses of a certain proportion of the 
population 
Select pairs of best-ranking individuals to reproduce 
Breed new generation through crossover and mutation 

Until terminating condition

Mutation and 
reproduction of fittest

Stochastic (a la 
Boltzmann) sampling

Selection of new state 
/ configuration

“fitness”“energy”Function to be 
optimized

BiologyMetallurgyIdea

Genetic algorithmSimulated annealing



Summary

• Global optimization a solvable problem 
• Simulated annealing

– Inspired by metallurgy

– Stochastic sampling of configuration space

– High energetic states possible but less likely
– Avoids trapping in local minima

– Converges to global minimum if temperature is lowered sufficiently 
slowly, and if sufficiently many steps are taken

– In practice, a nearly optimal solution might be returned.


