
Lecture 13: Mean field methods 
(Eigenvalue problems III)

1. Introduction
2. Hartree-Fock method
3. Kohn-Sham density-functional theory
4. Gross-Pitaesvskii equation



Introduction: Solution methods for the quantum 
many-body problem

• Full configuration interaction / shell model
– Yields wave functions of ground and excited states
– Yields all you possibly wanted to know

– Very expensive since dimension of Hamiltonian matrix (size of Hilbert 
space) grows very fast with increasing system size

– Not applicable to more than 10-20 valence fermions

• Single-particle (mean-field) methods
– Scale gently with system size
– Result yield single-particle density and ground-state energy

– Applicable to hundreds or thousands of fermions or bosons



Hartree-Fock method
• Idea: Find Slater determinant that yields the lowest energy of the 

quantum many-body system
• Slater determinant

– Preserves antisymmetry under permutations
– Single-particle state with no further correlations

• Hartree-Fock equation derived from variation of energy 



Hartree-Fock equations

• Hartree-Fock equations

• Interpretation:
• Single-particle term
• Hartree term (direct term): local in wave function

• Fock term (exchange term): non-local in wave function. Due to antisymmetry
of the wave function 

• Hartree-Fock equations pose a (nonlinear) eigenvalue problem!



Solution of Hartree-Fock equations by iteration

1. Choose single-particle basis

2. Make initial guess for Slater 
determinant

3. Compute matrix elements of 
single-particle term, Hartree
term, and Fock term

4. Diagonalize Hartree-Fock
Hamiltonian

5. Goto 2 until eigenfunctions
and eigenvalues are 
converged



Kohn-Sham density-functional theory

• Hohenberg-Kohn theorem: The ground-state energy of an 
interacting many-fermion system is a universal functional E [�� r)] of 
the density � (r), and the ground-state density is obtained from a 
minimization of the density functional.
– Universal: independent of the external potential

– Problem: No recipe on how to construct the nonlocal energy functional

• Kohn-Sham density functional theory: Form of the universal density 
functional can be specified to some extend: 
– Density from single-particle orbitals

– Nonlocal form of kinetic energy density

– Everything unknown (correlations!) is put into the exchange functional
– In practice, the exchange functional is approximated by the density 

(LDA = local density approximation), or by gradients of the density 
(GGA = generalized gradient expansion)



Kohn-Sham DFT (cont’d)

• Form of the density functional:

• Kohn-Sham equations from variation of the density functional:  



Bosons: Gross-Pitaevskii equation

• Bosons: The wave function of the n-boson system has to be 
symmetric under permutations of the particles

• At low temperatures, bosons can undergo Bose-Einstein 
condensation. This simplifies their description tremendously.

• Ansatz: 

• Ultracold atom gases are dilute: the range of the interaction is much 
shorter than the interparticle distance
– only (elastic) two-body collisions occur
– two-body scattering at low energies (low temperature) is dominated by 

s-wave scattering
– Interaction can be modeled as

• Gross-Pitaevskii equation: 



Summary

• Self-consistent mean-field theories provide powerful approximations 
for interacting Bose and Fermi systems
– Hartree-Fock

– Density-functional theory
– Gross-Pitaevskii equation

• The variation of the energy leads to nonlinear eigenvalue problems 
that can be solved by iteration.

• Invaluable for applications in quantum chemistry, condensed matter, 
and nuclear phyisics

• Present limits: Strongly correlated systems
– Phase transitions

– High-temperature supra conductivity


