Lecture 11: Eigenvalue problems |

1. Introduction
2. Eigenvalue problems in classical mechanics

3. Methods for symmetric eigenvalue problems:
. Jacobi transformation
. Householder transformations



Introduction: Eigenvalue problems

Eigenvalue problems: AAQ_{)\ — Af)\

— X )is eigenvector to the eigenvalue
— A is alinear operator

Particularly interesting and important: Operator A is real symmetric
or Hermitean: 1 1 1 1
Al =4 or AT=A

— Eigenvalues are real

— Eigenvectors belonging to different eigenvalues are orthogonal

— Eigenvectors span a basis in Hilbert space.

— Operator A can be diagonalized via orthogonal or unitary transformation

OAO0T = diag(A1, M\, ....An)
o0t = o0To=1



Generalized symmetric eigenvalue problem

Mathematical form: Af — )\Bf

A, B symmetric operators, B positive definite.

Solution:
Diagonalize B and write as B3 = C'C?’

Since B is positive, transform eigenvalue problem to standard
symmetric eigenvalue problem:

C-LACTY-1(CTZ) = A(CT )

Summary: A generalized eigenvalue problem can be solved by
performing two consecutive diagonalizations of standard
eigenvalue problems!



Eigenvalue problems in classical mechanics

« Rotation of rigid body:

— Is the angular frequency and points in the direction of the axis of rotation.
— The 3x3 matrix is the moment of inertia

i = [ p(e) (B0 — wiog ) dV
1

— Upon diagonalization,

contains the principle moments of

inertia and directions of the principle axes of rotation (eigenvectors).

 Small oscillations in solids / coupled systems:

— Equilibrium positions:

3n m; o
H = Jz_:l 7‘72)3 —|—V(:C1,...,:E3n)

— Small oscillations around equilibrium is quadratic form. Diagonalization yields

normal modes:
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Numerical solutions of standard symmetric eigenvalue
problems

« Jacobi method: Sequence of orthogonal similarity transformations
that bring the matrix A into diagonal form

— Plane rotations are used; angle determined by off-diagonal matrix
elements

— This is an iterative process, and needs infinitely many steps; matrix is
diagonal to machine precision in finite number of Jacobi rotations.

— Numerical effort grows as O(N?3) for matrices of dimension N.



Diagonalization via Householder transformations

 Two-step strategy:

— Matrix of dimension N can be brought into tri-diagonal form using (N-2)
Householder transformations

— Followed by iterative procedure that converges to diagonal matrix

* Householder transformation:
— w real vector with |[w|2 =1
— Orthogonal projector:

— Choose general vector

— Then



Householder transformation (cont’'d)

Operation on a matrix: choose x as the lower N-1 elements of the
first column of A

This yields

Next, choose x as the lower N-2 elements of the second column.
Repeat until matrix is tri-diagonal.



From tri-diagonal to diagonal

Characteristic polynomial can be evaluated efficiently for tri-diagonal
matrices.

— Use Newton-method to find zeros.
— This is efficient if only a small number of eigenvalues is requested.

Use QR factorization or QL factorization to reduce tri-diagonal to diagonal.
Q: orthogonal, R: upper triangular

— A’ is similarity transformed A. This is the QR transformation. It preserves
tridiagonality and converges rapidly towards diagonal matrix

— Algorithm involves QR decomposition and subsequent similarity transformation.
— Inexpensive only for tri-diagonal matrices



Summary

Eigenvalue problems commonly encountered already in classical
mechanics.

Symmetric eigenvalue problem can be solved numerically by stable
algorithms

Jacobi rotations converge iteratively towards diagonal form via
similarity transformations.

Householder transformations yield tri-diagonal matrix in finite
number of steps; diagonal matrix from subsequent QR
factorizations and transformations.

Eigenvalue problems are numerically ‘hard’ problems and require
O(N3) steps.
Nonsymmetric eigenvalue problems much harder to solve.



