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Tensor Interaction

VT = (τ1τ2) ( [σ1σ2](2) Y(2) (Ω) ) Z(r)

contributes 
only to S=1 states relative motion

π meson : primary source

π σ .σ .

ρ meson (~ π+π) : minor (~1/4) cancellation 

Ref: Osterfeld, Rev. Mod. Phys. 64, 491 (92)



Where can we see one pion exchange ?

The atomic nucleus is bound due to meson exchange. 
(Yukawa 1935)

Multiple pion exchanges
strong effective central forces 
in NN interaction
(as represented by σ meson, 
etc.)
nuclear binding

One pion exchange ~ Tensor force

First-order tensor force effect in spectroscopy
manifestation of pions in nuclei

One pion exchange ~ Lowest Order in ChPT



S. Weinberg, PLB 251, 288 (1990)
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Intuitive Picture
wave function of relative motion

spin of nucleon

large relative momentum small relative momentum

repulsivedeuteron attractive

TO et al.,  Phys. Rev. Lett. 95, 232502 (2005)



TO et al.,  Phys. Rev. Lett. 95, 232502 (2005)
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Monopole Interaction 
of the Tensor Force

Identity for tensor monopole interaction

(2j> +1) vm,T + (2j< +1) vm,T =  0
( j’ j>) ( j’ j<)

vm,T : monopole strength for isospin T



In the shell model, single-particle properties are considered 
by the following quantities …….

• Monopole part of the NN interaction

Angular averaged interaction

Effective single particle energy
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Isotropic component is extracted
from a general interaction.



Changes of N=51 neutron effective 
single‐particle energies from Zr to Sn

protons in g9/2

Lines : π + ρ meson tensor 

Points : exp. level

repulsion between g7/2 and h11/2
N=51 isotones

shown relative to d5/2
Zr Sn

Federman-Pittel
mechanism



From
Federman and
Pittel, Phys. Lett.
B 69, 385 (1977)

N=56
Z=40

Z=42 
(two protons in g9/2) 

Neutron g7/2 is 
lowered by 
2 protons in g9/2 ?



Can a short range attraction explain 
behaviors of these orbits ?

protons in g9/2

Lines : π + ρ meson

Points : corresponding exp. level

g7/2 goes down slowly

h11/2 does NOT go up

N=51 isotones
Skyrme SIII results
2-body ~ δ-function



RIKEN RESEARCH, Feb. 2007

A city works its magics.   … N.Y.



“Science” magazine
issued on Dec. 20, 2006

First beam on Dec. 28, 
2006
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G-matrix + polarization correction  +  empirical refinement

Phenomenological

An example from pf shell (f7/2, f5/2, p3/2, p1/2)

Microscopic

• Start from a realistic microscopic interaction
M. Hjorth-Jensen, et al., Phys. Repts. 261 (1995) 125

– Bonn-C potential
– 3rd order Q-box + folded diagram

• 195 two-body matrix elements (TBME) and 4 single-particle 
energies (SPE) are calculated  

Not completely good （theory imperfect)
• Vary 70 Linear Combinations of 195 TBME and 4 SPE 
• Fit to 699 experimental energy data of 87 nuclei

GXPF1 interaction M. Honma et al., PRC65 (2002) 061301(R)



G-matrix vs. GXPF1

T=0 … more attractive
T=1 … more repulsive

• Relatively large modifications in

V(abab ; J0 ) with large J
V(aabb ; J1 ) pairing

<ab; JT | V | cd ; JT >

7= f7/2,  3= p3/2,  5= f5/2,  1= p1/2

two-body matrix 
element

input

ou
tp

ut

G : input to fit
GXPF1 : output



Monopole part of various interactions

j>-j> ,  j<-j<

j> - j<

V=0

0.6 MeV

KB interactions : Poves, Sanchez-Solano, Caurier and Nowacki, Nucl. Phys. A694, 157 (01)



V=0

GXPF1 - Tensor  between same l

same l

almost constant

T=0

T=1

Monopole interaction of GXPF1 :
full (original) and 

part after subtraction of  tensor part (π + ρ)



Monopole interaction 
determined by from G-matrix-based empirical fit

T=0
average part (primarily due to central force)  
l, l’ dependence G-matrix can do
global shift from G-matrix … more attraction

fit for now.  3NF or density-dependent 2NF. 

tensor force   ->  variation (clear, robust, no fit) 

T=1
if  j = j’,  pairing   ->  attractive  
if not   ->  ~ 0 or slightly repulsive

global shift opposite to T=0, fit for now also



What about
sd shell ?



T=1

T=0

same l

Monopoles after
subtraction of
tensor

USD

SDPF-M int.*
for sd+pf

better monopole 
O dripline

pairing

Non-pairing
weakly 

repulsive

0.6 MeV

w/o tensor
subtraction

s1/2
s1/2

d5/2
d5/2

d5/2
d3/2

d3/2
d3/2

d5/2
s1/2

d3/2
s1/2

*Utsuno et al., PRC60, 054315



Monopole interaction in p-shell

SFO* 
Spin‐isospin improved interaction

based on Cohen‐Kurath

SFO ‐ tensor

T=0

*) Suzuki, Fujimoto and Otsuka,
Phys. Rev. C 67, 044302 (03)
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Implementation of tensor interaction 
into mean field calculations

Gogny interaction  (J. Decharge and D. Gogny, 1980)

(1+σσ+ττ+σσττ) (Gauss1 + Gauss2) + Density Dep.
finite range zero range

Successful descriptions of various properties with
D1S interaction (J.F. Berger et al., Nucl. Phys. A428, 23c (84))

Tensor interaction is added
All parameters are readjusted
Nuclear matter properties reproduced
with improvement of imcompressibility

Gogny-Tokyo interaction – 2, 3 (GT2, 3)
Pairing treated well by GT3 Abe



Triplet-Even potential due to the Tensor force

Abe :  HFB calculations including this tensor force



Single-particle energies of exotic Ni isotopes (HF calculation) 

w/o tensor with tensor another region of
Intruder ground state

N=28
weakened
but not 

relevant ?

Z=28

weakened

TO, Matsuo, Abe,  Phys. Rev. Lett. 97, 162501 (2006)



Stancu, Brink and Flocard, Phys. Lett. 68B, 108 (1977) 
Zero-range spin-momentum tensor coupling term  (a la Skyrme)

This is not be a good approximation 
to the tensor force itself,
but may provide us with a good 
simulation of the monopole effect 
of the tensor shown below
(basic idea of MF/DFT).

large relative momentum small relative momentum

deuteron attractive repulsive



Monopole matrix elements

π+ρ exchange tensor 
vs

SBF

SBF :Stancu-Brink-Flocard

We used, in this comparison,
T = 450, U=150

About half values
as compared to
the short range 
approximation of SBF, 
closer to q=1 fm-1



Even at this point,
a factor of two off 
in the short range 
approximation 
(Stancu, Brink and
Flocard, Phys. Lett. 
68B, 108 (1977) )

The slope changes



Summary

Nuclear shell evolves in unique ways as compared 
to other physical systems, particularly in exotic nuclei
(note that ∆N must be >10 to see this RNB ! ).

- Shell evolution due to tensor interactions
-drives j> or j< levels in a specific and robust way

intuitive picture many cases expected from p-shell to superheavies

- is the dominant origin of shell evolution

Simpler origin of Tensor force :
dominated by one pion exchange   (of course ρ, higher order …)

consistent with Chiral Perturbation (Weinberg)
NN = short range + lower-order pion exchange



Shell model :  
- Tensor force is properly included in G-matrix.

(not necessarily in old phenomenological interactions)
- Central part  dependence on nodal structure

no effect on spin-orbit splitting
- Overall monopole (T=0, 1)  seem to be affected 

by some origin(s) beyond the two-body interaction

Mean-field models    … central parts still to be revised

- Gogny-type + Tensor (Gaussian)    Abe’s talk on HFB

- SBF (zero range)   
is not good approximation to the tensor force itself.
can simulate with an overall strength parameter.

Tensor part of the interaction can be shared
by the shell model and MF model.
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Equivalent expressions of tensor force

The standard expression of tensor force may be

By using ,   we get

We thus obtain an equivalent expression 



Federman and Pittel, Phys. Lett. B 69, 385 (1977) 
- Overlap of radial wave functions is emphasized -



Federman, Pittel and Etchegoyen, PLB 140 (1984)  

∆ε

N=50 N=56

Z=39 isotopes From the π+ρ exchange
tensor force :

∆ε = 0.90 MeV

d5/2
p1/2

p3/2

∆ε : spacing between p3/2 and p1/2



Neutron single-particle energies
Mean-field models
(Skyrme or Gogny)
do not reproduce this
reduction.

Tensor force effect 
due to vacancies of
proton d3/2 in 4718Ar29 :
650 (keV) by π+ρ meson
exchange.

f 5/2

f 7/2



Effective single-particle energies of Ca, Ti and Cr isotopes
calculated by GXPF1B interaction

34 34
34

Monopole effect of tensor+central force (f7/2 occupancy)

Gap = 2 MeV at N=32 and 3 MeV at N=34

Gap = 2 MeV at N=32 and 1.5 MeV at N=34

48Ca

32 32 32



Comparison among GXPF1B, GXPF1 and KB3G

34

Monopole effect of tensor+cent force ~ almost the same

Gap = 2 MeV at N=32 and 3 MeV at N=34

Gap = 2 MeV at N=32 and 1.5 MeV at N=34

GXPF1B:
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